We introduce the concept of Levitin-Polyak well-posedness for a system of generalized quasi-variational inclusion problems and show some characterizations of Levitin-Polyak well-posedness for the system of generalized quasi-variational inclusion problems under some suitable conditions. We also give some results concerned with the Hadamard well-posedness for the system of generalized quasi-variational inclusion problems. MSC: 49J40; 49K40; 90C31
Introduction
Well-posedness plays a crucial role in the theory and methodology of scalar optimization problems. In , Tykhonov [] first introduced the concept of well-posedness for a global minimizing problem, which has become known as Tykhonov well-posedness. Soon after, Levitin 
Preliminaries
Let I be an index set and (P, d  ) be a metric space. For each i ∈ I, let X i be a metric space, Y i and Z i be Hausdorff topological vector spaces, K i ⊂ X i be a nonempty closed and convex Now, we consider the following system of generalized quasi-variational inclusion problems (for short, SQVIP). Find x = (x i ) i∈I ∈ K such that, for each i ∈ I, x i ∈ A i (x) and there exists y = (y i ) i∈I ∈ T i (x) satisfying  ∈ G i (x, y, z i ) for all z i ∈ A i (x). We denote by S the solution set of (SQVIP).
If the mapping
, for any p ∈ P, we define a parametric system of generalized quasi-variational inclusion problem (for short, PSQVIP): Find x = (x i ) i∈I ∈ K such that, for each i ∈ I, x i ∈ A i (x) and there exists y = (y i ) i∈I ∈ T i (x) satisfying
Some special cases of (SQVIP) are as follows:
closed and convex cone with int C i (x) = ∅ for every x ∈ K , G i (x, y, z i ) reduces to a single-valued mapping and
reduces to the system of vector equilibrium problems: Find x ∈ (x i ) i∈I ∈ K such that, for each i ∈ I, x i ∈ A i (x) and there exists y i ∈ T i (x) satisfying
for all z i ∈ A i (x), which has been studied by Peng and Wu [] and the references therein.
reduces to the system of set-valued vector quasi-equilibrium problems of Chen et al. [] : Find x = (x i ) i∈I ∈ K such that, for each i ∈ I, x i ∈ A i (x) and there exists y i ∈ T i (x) satisfying () (SQVIP) is said to be generalized LP well-posed by perturbations if the solution set S for (SQVIP) is nonempty and, for all sequences {p n } ⊂ P with p n → p * , every LP approximating solution sequence for (SQVIP) corresponding to {p n } has some subsequence which converges strongly to some point of S.
Definition . []
Let Z  and Z  be two metric spaces. A set-valued mapping F : Z  →  Z  is said to be (s, s)-subcontinuous if, for any sequence {x n } converging strongly in Z  , the sequence {y n } with y n ∈ F(x n ) has a strongly convergent subsequence.
Definition . [] Let
A be a nonempty subset of X, the measure of noncompactness μ of the set A is defined by In this section, we discuss some metric characterizations of the LP well-posedness for (SQVIP). First, we introduce the following LP approximating solution set for (SQVIP):
Definition . [] Let
for all δ, > , where B(p * , δ) denotes the closed ball centered at p * with radius δ.
Clearly, we have the following:
Next, we present some properties of (δ, ).
Proof Clearly, S ⊆ δ>, > (δ, ). Hence we only need to show that δ>, > (δ, ) ⊆ S.
If not, then there exists x ∈ δ>, > (δ, ) such that x / ∈ S. Thus, for any δ >  and > ,
we have x ∈ (δ, )\S. For each i ∈ I and n ∈ N, it follows that x ∈ (
Since A i is closed-valued, it follows from () that x i ∈ A i (x) and so x ∈ S, which is a contradiction. This completes the proof. http://www.journalofinequalitiesandapplications.com/content/2014/1/321
Example . Let I be a single set,
Then it is easy to see that all the conditions of Proposition . are satisfied. By Proposition ., S = δ>, > (δ, ). Indeed, for all δ, > ,
and
s.c. and compact-valued;
Then (δ, ) is closed for any δ, > .
and there exists y
Since P is a finite-dimensional space, we can suppose that p n → p ∈ B(p * , δ). In order to prove that x ∈ (δ, ), we first prove that, for each i ∈ I,
Assume that the left inequality does not hold. Then there exists γ >  such that
. http://www.journalofinequalitiesandapplications.com/content/2014/1/321
Thus there exist an increasing sequence {n k } and a sequence {u
Since, for each i ∈ I, A i is closed and (s, s)-subcontinuous, the sequence {u k i } has a subsequence, which is still denoted by {u k i }, converging strongly to a point u i ∈ A i (x). It follows that, for each i ∈ I, 
Since G i is closed and e i is continuous, we obtain
for all z i ∈ A i (x). Thus x ∈ (δ, ) and so (δ, ) is closed. This completes the proof. 
Theorem . For each i ∈ I, let X i be complete. We assume that
(i) T i : K →  Y i is u.
s.c. and compact-valued;
(ii)
Then (SQVIP) is LP well-posed by perturbations if and only if, for any
Proof Suppose that (SQVIP) is LP well-posed by perturbations. Then (SQVIP) has a unique solution x * ∈ (δ, ) for any δ, > . This implies that (δ, ) = ∅ for any δ, > . Now, we show that
If not, then there exist γ > , sequences {δ n } and { n } of nonnegative real numbers with (δ n , n ) → (, ), and the sequences {x n } and {x n } with x n , x n ∈ (δ, ) http://www.journalofinequalitiesandapplications.com/content/2014/1/321
Thus {x n } and {x n } are both the LP approximating solution sequences for (SQVIP) corresponding to {p n } and {p n }, respectively.
Since (SQVIP) is LP well-posed by perturbations, {x n } and {x n } have to converge strongly to the unique solution x * of (SQVIP), which is a contradiction to ().
Conversely, suppose that () holds. Let {p n } ⊆ P be any sequence with p n → p * and {x n } be the LP approximating solution sequence for (SQVIP) corresponding to {p n }. Then there exist a sequence { n } of nonnegative real numbers with n →  and y
follows from () that {x n } is a Cauchy sequence and so it converges strongly to a point x ∈ K . By the similar arguments as in the proof of Proposition ., we can show that x i ∈ A i (x) and there exists y i ∈ T i (x) such that
. Thus x is a solution of (SQVIP). Finally, to complete the proof, it is sufficient to prove that (SQVIP) has a unique solution. If (SQVIP) has two distinct solutions x and x, then it is easy to see that x, x ∈ (δ, ) for any δ, > . It follows that
for all δ, > , which contradicts (). Thus (SQVIP) has a unique solution. This completes the proof.
Remark . If I is a single set, x ∈ A(x) for all x ∈ K , then Theorem . can be seen as a generalization of Theorem . of [] . http://www.journalofinequalitiesandapplications.com/content/2014/1/321 Example . Let I be a single set,
Then A is (s, s)-subcontinuous, l.s.c. and closed, T is u.s.c. and compact-valued and G is closed. For any δ, > , we have
Theorem . For each i ∈ I, let X i be complete and P be a finite-dimensional space. We assume that
s.c. and compact-valued;
Then (SQVIP) is generalized LP well-posed by perturbations if and only if, for any
Proof Suppose that (SQVIP) is generalized LP well-posed by perturbations. Then S is nonempty. Now, we prove that S is compact. Indeed, let {x n } be a sequence in S. Then {x n } is the LP approximating solution sequence for (SQVIP) corresponding to {p * }. Since (SQVIP)
is generalized LP well-posed by perturbations, {x n } has a subsequence which converges strongly to a point of S. This implies that S is compact. For any δ, ≥ , since S ⊂ (δ, ), we have (δ, ) = ∅ and
d(x, S). http://www.journalofinequalitiesandapplications.com/content/2014/1/321
Since S is compact,
d(x, S).
In order to prove μ(δ, ( )) → , we need to prove that
Assume that this is not true. Then there exist α > , and the sequences {δ n } and { n } of nonnegative real numbers with (δ n , n ) → (, ) and {x n } with x n ∈ (δ n , n ) such that, for n sufficiently large,
, it follows that p n → p * and {x n } is the LP approximating solution sequence for (SQVIP) corresponding to {p n }. By the generalized LP well-posedness by perturbations of (SQVIP), there exists a subsequence {x n k } of {x n } which converges strongly to a point of S, which contradicts (). Conversely, suppose that () holds. From Propositions . and ., (δ, ) is closed for any δ, >  and S = δ>, > (δ, ). Since μ( (δ, )) →  as (δ, ) → (, ), theorem on p. in [] can be applied and one concludes that the set S is nonempty compact and
as (δ, ) → (, ). Let {p n } be any sequence in P with p n → p * . If {x n } is the LP approximating solution sequence for (SQVIP) corresponding to {p n }, then there exists a sequence { n } of nonnegative numbers with n →  and {y
Thus it follows from () that Example . Let I be a single set,
Then all the conditions of Theorem . are satisfied. It follows that, for any δ, > , 
The Hadamard well-posedness for (SQVIP)
In this section, for each i ∈ I, we assume that X i , Y i and Z i are finite-dimensional spaces, K i ⊂ X i is a nonempty closed and convex subset. where lim inf n→∞ D n , the inner limit, consists of all possible limit points of the sequences {x n } with x n ∈ D n for all n ∈ N and lim sup n→∞ D n , the outer limit, consists of all possible cluster points of such sequences.
Definition . []
A sequence {F n } of nonempty set-valued mappings F n : R k →  − − → gph(F), where gph(F n ) = {(x, z) ∈ R k × R h :
x ∈ dom F n , z ∈ F n (x)} and gph(F) = {(x, z) ∈ R k × R h : x ∈ dom F, z ∈ F(x)}.
